Quantum Entanglement and Teleportation Assisted by Multiple Parties 



Takeshi Hayashida 

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya 464-8601, Japan 

(Dated: December 12, 2012) 

Quantum teleportation can be performed if and only if a message is combined with a maximally 
entangled state. Bennett et al. originally claimed this feasibility condition. In this paper, I give 
a proof of that condition. Moreover, I specify the condition for teleportation when a single-qubit 
message is combined with a three-qubit state distributed among three parties. I also consider the 
situation that a single-qubit message is combined with an n-qubit state distributed among n parties. 
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I. INTRODUCTION 

Quantum entanglement is said to be a valuable re- 
source for quantum communication. It is one of the 
differences to separate quantum information from clas- 
sical information. For instance, entanglement is applied 
to quantum teleportation [1], quantum cryptography [2] 
and quantum signature [3]. These protocols employ the 
Bell states distributed between the sender and the re- 
ceiver. Entanglement has also been expected to enable 
several parties to cooperate on quantum communication. 
Some quantum protocols with a three-qubit entangled 
state distributed among three parties have been proposed 
[4-7]. 

In general, information splitting is a scheme that each 
of the several parties has a part of an original mes- 
sage and the message will be restored only if all parts 
are gathered [4]. Quantum teleportation via three-qubit 
state [5] has an aspect of quantum information splitting. 
A splitting of quantum information via the GHZ state 
\GHZ) = (| 000) + |lll))/\/2 was proposed in Rcf. [4]. 
This procedure is similar to the standard teleportation. 
On this splitting protocol, the sender Alice operates in 
the same way as in the standard teleportation. The only 
difference is using the GHZ state instead of one of the 
Bell states. This difference prevents the receiver Bob 
(or Charlie) from obtaining the original message if the 
receiver only obtains Alice's measurement result. Her re- 
sult only contains the amplitude information of the mes- 
sage qubit. In order to restore it, it is necessary for the 
third party Charlie (or Bob) to measure one of the re- 
maining qubits and send the result to the receiver. The 
third party's result has the relative phase information of 
the message qubit. Thereby the receiver can construct an 
appropriate transformation to restore the original mes- 
sage. 

On the other hand, entanglement itself has been stud- 
ied intensely in recent years. Some measures [8-12], cri- 
teria [13, 14] and sorts of classification [15, 16] have been 
proposed. Some measures of quantum correlation have 
also been proposed [17, 18]. 

In this paper, I prove that quantum teleportation can 
be performed if and only if a message is combined with a 
maximally entangled state. This condition was originally 
mentioned in Rcf. [1]. I moreover show this condition 
in the computational basis: for ji/^) — x\00) + y\01) + 



z\10) + w\ll), I show the condition for x, y, z and w. 
Next, I consider the teleportation via three-qubit state 
\1jj3). A new condition for \ip3) is obtained. I introduce 
the teleportation capable class T which consists of such 
1^3). Some oi {tps) € T can be obtained neither from 
the GHZ state nor from the W state \W) = (|001) + 
|010) + |100))/\/3 by a local unitary operation. Moreover, 
I consider the general n-qubit state case. I find a similar 
condition in the general case. 

This paper is organized as follows. In Sec. II, I prove 
that the feasibility of quantum teleportation via two- 
qubit state ^2) is equivalent to the condition that ^2) 
is maximally entangled. In Sec. Ill, I specify the similar 
condition in the three-qubit case. In Sec. IV, I further 
consider the n-qubit case. Section V contains some con- 
cluding remarks. 



II. QUANTUM TELEPORTATION AND 
MAXIMAL ENTANGLEMENT 

Let 1^2) be a two-qubit state combined with a message 
\m). Quantum teleportation is feasible if and only if \ip2) 
is maximally entangled. In this section, I show the fea- 
sibility condition in parameter representation and prove 
the maximality condition. 



A. Parameter Representation in Computational 
Basis 

First, let us define quantum teleportation as follows: 

Definition 1 (Quantum teleportation). We define the 
following procedure as quantum teleportation: 

(i) A two-qubit state \ip2)AB is distributed between Al- 
ice and Bob. Bob knows the state \ip2)AB- The 
subscript AB denotes that the state is in Ha'&'Hb ■ 
Here T-L a and H. b are the Hilbert spaces in posses- 
sion of Alice and Bob respectively. 



(ii) Alice combines a message \m)x with \ip2)AB- 
\m)x is a state in a Hilbert space Hx- 



Here 



(iii) Alice performs the Bell measurement of the sub- 
system XA. Each of the results is realized with a 
probability 1/4- 
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(iv) By her result (and \4>2)ab ), Bob performs a suitable 
unitary transformation of his qubit to restore \m)x- 

Let |m) be 

\m)=a\O)+0\l). (1) 

In general, a two-qubit state \1jj2} can be written as 

= x\00) + y\0l) + z\W) + w\U) (2) 

in terms of the computational basis. 
Let the Bell basis be 



Let U t f, 2 fl be 





= >o) + 






100 


= >o } - 


111)), 




\<h) 




|io)), 


(3) 


103) 


= >D- 


|io», 





then we obtain 

\m) ® \ip 2 ) 

= ^{\MxA[V2(ax + /3z)\0) B + V2(ay + 0w)\l} B ] 
+ \<l>i)xA[V2(ax - pz)\0) B + V2(ay - pw)\l) B ] 
+ \02)xA[V2{az + px)\0) B + V2(aw + 0y)\l) B ] 
+ \fo)x A [V2(az - Px)\0) B + V2(aw - Py)\l) B ]}. 

(4) 

Here and hereafter the subscripts refer to the subsystems. 

Definition l-(iii) is equivalent to the condition that the 
norms of the subsystem B in Eq. (4) equals 1. That is, 
Definition l-(iii) holds if and only if 



|s| a + |y| a + |z| a + M a = l (l"l = 
M 2 + M 2 = M 2 + M 2 = i/2 (H^ 



ft(axP*z*) = -R(ayl3*w*), 
$t(azf3*x*) = -$t(awp*y*), 



(5) 



where 3?(C) is the real part of £ and * denotes the complex 
conjugate. 

Note that a and j3 are arbitrary. Then Eq. (5) is 
equivalent to 

M = M, \y\ = \z\, 

argx + argw = argy + argz + (2fc + l)7r, (6) 

M 2 + M 2 = i/2. 

Here k is an integer. 

Assume that Alice's measurement result is 4>$. The 
decoding operator U^fi is an unitary operator such that 



T T I y/2(ax + /3z)\ _ (a 
[V2(ay + l3 W )J ~ V 3 



(7) 



■4)2,0 



Un U12 

U21 u 22 



Eq. (7) becomes 



^2 ( ct{u\\x + u 12 y) + (3(u n z + u 12 w) 

" I 0>{U2\X + U 2 2y) + P{ll2\Z + U22U)) 



(8) 



(9) 



By the arbitrariness of a, /3, it is equivalent to 

1 

71' 



u n x + u 12 y = u 2 \z + U22W 



u\\z + U12W = U21X + u 22 y = 0. 
We can rewrite it as 

Here I is the identity matrix. 
By the unitarity of U^, 2 fi, 



(10) 



(11) 



1p2,0 



V2 



x* y* 



(12) 



When Alice's measurement result is 4>q, it restores the 
message. 

Similarly, for other Alice's results 0i,02 and </>3, the 
decoding operators U^ 2t i, f/t/> 2 ,2 and U^ 2 .3 are as follows: 



b 2 -> U^ 2 ,2 
h -> U^ 3 = V2 



y~ 



V2 IZ W 
■ x- y 



z w 
-x -y 



(13) 



The unitarity of {EA/> 2 ,«}i=o * s equivalent to Eq. (6). 
That is, Eq. (6), which is equivalent to Definition l-(iii), 
is also equivalent to Definition l-(iv). Hence, Eq. (6) is 
the parameter representation of the necessary and suffi- 
cient condition that quantum teleportation is feasible. 

Note that 



£^■02,2 = a x U^ 2) o, 
Here a x , o~ y and a z are the Pauli matrices. 



B. Proof of Maximality 

For a maximally entangled state 

1 d' 1 



(14) 



I*) 



(15) 



k=0 
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the following lemma holds [19]. Here d is the dimen- 
sion of both the Hilbert spaces H and K, {\e k )}iz} and 
{l e fc)}fe=o are orthonormal bases of the Hilbert spaces 
respectively. 

Lemma 2. If \ty) £ H ® K. is maximally entangled, for 
any d x d matrix S, there exists a matrix R such that 



= (J® R)\V) 



(16) 



holds, and R = USU^ . Here S is the transposed matrix of 
S, andlA is the unitary operator such thatU\e k ) = \e' k ). 

Example 3. Let \^2) be a two-qubit maximally entangled 
state. Then there exists an unitary operator Vq, 2 such 
that 



|*2> = (Vk<8>/)|fo>. 



(17) 



In particular, the Bell bases can be transformed as fol- 
lows: 

\<j>i) = {Wi®I)\<j> ) = {I®Wi)\<t) Q ). (18) 
Here Wi (i = 0, 1, 2, 3) are I, o~ z , o~ x and io~ y respectively. 

By using the above lemma, I prove the equivalence 
between the feasibility of quantum teleportation and the 
maximality of entanglement. 

Proposition 4. The message |m) is combined with a 
maximally entangled two-qubit state \ip2) if o,nd only if 
quantum teleportation is feasible. 

Proof. 

Assume that \tp2) is maximally entangled, then we ob- 
tain 

XA{^i\{\m) X \^2)AB) 
= XA{<t>o\{\™)x%2,BWl b \^>o)ab) 



'a A {Q\+[3 A {l\\~ u/t . 

)V^,bWI b \4>o) 



V2 



AD 



(19) 



Here f denotes the Her mite conjugate. The subscript A of 
the operator W* A denotes that W* operates on Ha and 
I operates on the other Hilbert spaces. Eq. (19) means 
that the decoding operator is the unitary operator WiV^ 2 
with a probability 1 /4 for each of the Bell measurement 
results <pi. 

(H 

For Alice's result (pit let U^ 2 ^ be a decoding operator. 
It follows from Definition 1 that we can write 

1 3 

\m)x ® \^2)ab = - YJ\<k)xA <8> Uljm) B ). (20) 



Therefore, 

\ifc) = x(m\m)x\ip2) A B 
1 3 

= x(m\[-J2(\^)xA®Uljm) B ) 

" i=0 

1 = V 

+P*Ul 2 , 2 ~ P*Ul 2 J\m) B 

+a*ul 2!2 + a*ul t3 )\m) B ]. (21) 
From Eq. (14), the two states 



(22) 



W*ul fl - [3*U\ 2>1 + a *\j\ 2 2 + ctUl^)\m) } 



arc orthogonal. The squared norms of the both states 
are equated with 

B (m|{2[l + (H 2 - \[3\ 2 )a z + (a/3* + (3a*)a x 

+i(a[3* -pa*)<T y ]}\m) B . (23) 

Let \€l J?" 1 ) b e the mutually orthogonal states (22) 
which arc normalized by the common norm (23). 
Thereby \ip2) can be written in the form 



l'/'2 



|Q)ie) + |i)ie J 

V2 



Hence, \ip2) is maximally entangled. 



(24) 
□ 



C. Discussion 

As the feasibility of Definition l-(iii) and that of (iv) 
are both equivalent to the condition (6), the feasibility of 
the procedure (iii) is equivalent to that of (iv). 

The condition (6) is another representation of two- 
qubit maximally entangled states in the computational 
basis. Local unitary operations conserve entanglement. 
Therefore, It can not be applied only to states repre- 
sented in the computational basis, but also to states rep- 
resented in any orthonormal basis 

\ip2) = x\e a e' ) + y\eoe[) + z\eie' ) + w\eie[). (25) 

By Eq. (19), we can write 



i=0 



ULo = V2 



x y 
z w 



(26) 
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Here x, y, z and w satisfy the condition (6). 

On the other hand, if Bob does not know Alice's result, 
Bob's reduced density matrix is 



1 



V 



4 ^ 

i=0 



Pi,B 



-E" 

4 ^ 



Ul 2tl \m) B B(m\U^ 2 



i=0 



(27) 



Here pi t B is Bob's reduced density matrix corresponding 
to Alice's result <j>i. This is the completely mixed state. 
Eq. (27) also holds in the case of the standard telcpor- 
tation [20]. 



III. QUANTUM TELEPORTATION VIA 
THREE-QUBIT STATE 

Definition 5 (Quantum tclcportation via three-qubit 
state). We define the following procedure as quantum 
teleportation via three-qubit state: 

(i) A three-qubit state \4>3}abc is distributed among 
Alice, Bob and Charlie. Bob knows the state 
I ^3) ABC- 



(ii) Alice combines a message \m)x with 



ABC- 



(hi) Alice performs the Bell measurement of the sub- 
system XA. Each of the results is realized with a 
probability 1/4- 

(iv) Charlie chooses a measurement axis of the subsys- 
tem C so that each of the measurement results is 
realized with a probability 1/2, then he performs a 
measurement of C along the axis. 

(v) By their results (and \4>3)abc), Bob performs a 
suitable unitary transformation of his qubit to re- 
store \m)x. 



A. Parameter Representation of Necessary and 
Sufficient Condition 



As Charlie can choose any coordinate axis of his mea- 
surement, we consider 

|Vs> = .t|00w o ) + x'|00ui> +y|01u ) +2/'|01m) 

+z|10u ) + z'|10ui) + w|llu ) + w'\llui) 



(28) 



instead of 



^3) = z|000) + 2 ; / |001) +y|010) +y'|011) 

+z|100) + z'|101) + w\U0) + w'\Ul) 



(29) 



Here {|mo), is an orthonormal basis of the subsystem 
C. 

Note that 

|^) = |^)|uo) + |^a>l«i>, (30) 

where 

= x'\00) + y'\01) + z'\W) + w'\ll) (31) 

with the normalization condition 

\x\ 2 + \x>\ 2 + \y\ 2 + \y'\ 2 + \z\ 2 + \z'\ 2 + \w\ 2 + \w'\ 2 = 1. (32) 

From Definition 5-(iv), Charlie performs the measure- 
ment {|uo)(t'o|j such that 

, , K)+e ifl K) , \v )-e^\ Vl ) 
\u ) = j= , \ui) = j= . (33) 



V2 



V2 



Here is a real number. 

Let us combine \m) with ^3), then we obtain 
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\m) x ® \^)abc = \m) x ® {\i->2) ab\uq) c + W2) ab\u\) c ) 

= \m) x ® {\^2)ab + W 2 )ab) ®\v )c + \m)x ® {\4>2}AB 



W2) 



AB 



e*>i) 



c 



-7=1 \<I>o)xa <8 a(x + sc') + P(z + z')]\0)b + V2[a(y + y') + (3(w + j <8 |«o)c 



2a/2 



2[a(a;-x') + ^(2-z / )] 
2[a(a; + x) - p(z + z')] 
<h)xA ® {V2[a{x - x') - p(z - z')] 
<t>2)xA ®> |v / 2[a(z + z') + /3{x + x')] 
4>2)xa ® {V2[a{z - z') + P(x - x')] 
h)xA ® {V2[a(z + z') - /3(a: + x')] 
h)xA ® {V2[a(* - z') - /3(.t - z')] 



|0) B + V2[a(y - y') + P(w - w')]\l) B 
|0) B + V2[a(y + y') - 0(w + w')]\l) B 
\0) B + V2[a{y - y') - p(w - w')]\l) B 
\0) B + V2[a(w + w') + p(y + y')]\l) B 
\0) B + V2[a{w - w') + p(y - y')]\l) B 
|0) B + V2[a(w + w') - p(y + y')]\l) B 
\0) B + V2[a{w - w') - P{y - y')]\l) B 



® e lf> \ Vl ) c 
® \vo)c 
<E> e ie |wi) c 
® K)c 
®e lf, |ui) c 

<E> e ie \ Vl ) c 



(34) 



r 



It is similar to Eq. (4) for the teleportation via two-qubit 
state. 

Hence, we readily obtain the following condition: 



\x±x'\ = \w±w'\,\y±y'\ = \z±z'\, 
arg(x ± x') + arg(w ± w') 

= arg(y ± y') + arg(z ± z') + (2k + 1)tt, 
\x±x'\ 2 + \y±y'\ 2 = l/2. 



(35) 



Note that it satisfies the normalization condition (32). 

For a measurement result (<j>i,Vj), the decoding oper- 
ators J7^> 3 ,»,j are 



^3,1 ,3 
Ufa, 2,3 

U 4>3,3,3 



~ V + w* + (-l)W* 

= <7xU^ 3t o,j, (36) 



B. Another Representation 

Proposition 6. TTie message |m) is combined with a 
three-qubit state {tps) such that 



m = 



\ME q ) A b\vq)c + |A/-Ei)ab|«i)c 
V2 



(37) 



i/ and onZy if quantum teleportation is feasible. 

\MEi) is a two-qubit maximally entangled state with 
the norm |||M.E!j)|| = 1. {|uo), |fi)} is an orthonormal 
basis of the subsystem C . 



Proof. (=>) 

Assume that ^3) is given by Eq. (37), then we obtain 



(xA(<t>i\ ® c(vj\)(\m)x ® I^Usc) 



XA^olW^lm) 



(38) 



By Example 3, there exists an unitary operator K/, 3) j such 
that \MEj) = (V^ 3 j (g) 2)|0o). From Proposition 4, Eq. 
(38) becomes 

^V^jWjlm). (39) 
It satisfies Definition 5-(iii)(iv)(v). 

(H 

For a measurement result ((j>i,Vj), let CA/> 3 ,i,j be a de- 
coding operator. It follows from Definition 5 that we can 
write 

1 3 1 

\m) x ®\ip3)ABC = 7^J2J2(\&)xa 



i=0 3=0 



®ul,*J m ^®h)c)- (40) 

Therefore, 

1^3) aec = x{m\m) x ®\^s)a B c 

i,3 

®Ul 3 ^\m) B ® \vj)c) 

= 2S(l°>A®|0.J>fl + |l>A®|l,J>fl) 



\vi)c] 



(41) 
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where 

|0,j) fl = (a*Ul Aj +a*Ul Ad 

(42) 

\^j)b = (FUkflj-PUl,,!* 

+a*Ul 3t2>j +a*Ul 3>3tj )\m) B . 

As in the proof of Proposition 4, the squared norms 
of the four states |0,0)s, |0, 1)b, |1,0)b and |1, l)s are 
equaled. For each j, the two states |0,j)b and are 
orthogonal. Therefore, the state of the subsystem AB is 
maximally entangled. 

Hence, ^3) can be written as Eq. (37). □ 

C. Discussion 




FIG. 1: The teleportation capable class T. The states in 
GHZlu(Wlu) are obtained from the GHZ state (the W 
state) by a local unitary operation. AB-C is the set of such 
states that the subsystem A is entangled with B, and that 
the composite system AB is not entangled with C. |^>a) is in 
T n AB-C if \ME Q ) = \MEi). 



If we employ the GHZ state, the teleportation is fea- 
sible [5]. On the other hand, If we employ the W state, 
the quantum teleportation via three-qubit state is not 
feasible, although it is probabilistically feasible [6] . 

In fact, the GHZ state and the W state can be ex- 
panded as 



\GHZ) = 
\W) = 



V2 

V / 2|^ 2 )|0) + |00)|l) 



v/3 



(43) 
(44) 



where |±) are (|0) ± |l»/v^. The GHZ state satisfies 
Eq. (37) but the W state does not. It is because 1 00) is 
not an entangled state. 

The proof of Proposition 6 does not require the orthog- 
onality of {\ME ), \ME X )}. If \ME ) and \ME X ) arc not 
orthogonal, ^3) can not be obtained from the GHZ state 
by a local unitary operation. Particularly, the composite 
system AB is not entangled with C if \ME ) = \ME{). 
(This case is equivalent to the teleportation via two-qubit 
state.) It implies that there exists the teleportation capa- 
ble class T such that 



GHZ LU C T, 

rnw LU = 0, 

TO AB-C / 0. 



(45) 



The states in GHZlu(Wlu) are obtained from the GHZ 
state (the W state) by a local unitary operation. AB-C 
is the set of such states that the subsystem A is entangled 
with B, and that the composite system AB is not entan- 
gled with C. \ip 3 ) is in T n AB-C if \ME ) = \ME{). 
(See FIG. 1. ) 



IV. QUANTUM TELEPORTATION VIA 
n-QUBIT STATE 

Let us consider teleportation assisted by n — 2 parties. 



Definition 7 (Quantum teleportation via n-qubit state). 

We define the following procedure as quantum teleporta- 
tion via n-qubit state: 

(i) An n-qubit state \4>n) ABCiC 2 ---c„- 2 * s distributed 
among Alice, Bob and assistants C\ (I = 
1, 2, • • • , n — 2). Ci denotes both the subsys- 
tem and the assistant. Bob knows the state 
\4 > n)ABC 1 C 2 ---C n - 2 - V n = 2, there are no assis- 
tants. 



(ii) combines 

\lpn)ABCiC 2 ---C n - 2 - 



a message \m)x 



with 



(iii) Alice performs the Bell measurement of the sub- 
system XA. Each of the results is realized with a 
probability 1/4- 

(iv) Each assistant Ci chooses a measurement axis of 
the subsystem Ci so that each of the measurement 
results is realized with a probability 1/2, then the 
assistant performs a measurement of Ci along the 
axis. 

(v) By their results (and \ipn) ABCiC 2 ---C n -2 )> Bob per- 
forms a suitable unitary transformation of his qubit 
to restore \m)x- 

Let {\uq ), \u\ )} be an orthonormal basis of the sub- 
system Ci. For such bases, we write 



|V>n-l) 



E E E 



E • 

TA=0,1 TB=0,1 T1=0,1 T2 = 0,l 



E 

,-3=0,1 



c^- 1) \r A r B u^...u^-J ) ) 



(46) 



where ^ is a complex number and v = 2 n 



"in — 3 



T B + E"=i 2 



"-3 on _;_3 



T A + 

Similarly to the case of 
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| -03 ) , the assistant C; performs the measurement 
{\v®)(vi%\vP)(v®\} such that 



(0 _ i^l + e'^f 1 ) 

1 } _ 71 



(47) 



V2 



Here Oi is a real number. 
Thereby, we can write 



|Vn) = |^-i)®|^ 2) > + K-l>®l^"" 2) > 



V2 



(|Vn-l) + |<_x»®|^- 2) ) 



+(|^_ 1 )-|^_ 1 ))®e^-| Wl "- 2) )l. (48) 



Here 

Wn-l) 



E E E E - 

•A=0,1 r B =0,l ri=0,l r 2 =0,l 

X: 4"- l) |rx7 S «g) u g)...u<::. 3) > 



T„_ 3 = 0,1 



(49) 



with the normalization condition 



E (ic("- i) i 2 +ic'rT)=i 



(50) 



v=0 



Let r — 7172 • • ■ 7n-3 be a measurement result 
of the subsystem C\Ci ■ ■ ■ C n _3. For instance, for 
n = 7, r = 0100 if their measurement results are 
For r, we define |r) as pre- 



UM 2 U 3 U 4) ). 



measurement states 



(51) 



For instance, for r 

L ,(3)\^U,( 4 ) 



0100, \r) = \v, 



(i)\ 
o / 



J&2 L,( 2 )\ 



') ® l w cf')- For iV'n-i) an d r, let C/^ n _ I) i, r be a decod- 



ing operator. Here z corresponds to Alice's measurement 
result (^,. 

Let us combine \m) with |i/> n ). By Eq. (48), we obtain 



\m)x ® \i>n)ABC- L C 2 -C n 



n, r j )|0) B + V2(ay„, rj + 

W*) r 3=0 

)|0) B + V2(ay„, ri )|!)b 
)\0} B +V2(aw n 

,rj + PVn,rj 



"I* 



)|r)c 1 c 2 ...c_3®e^"-|^ n - 2) ) c „_ 2 }, 



(52) 



where 



j = 0. For n = 3, we set 



X n>r j 


— X n _ 


-l,r - 


H(" 


-1)V„_ 


-l,r> 


yn,rj 


= Vn- 


l,r - 


-(- 


i)V„- 


l,r' 






l,rH 


-(" 




l,r j 




= W n - 


-l,r " 


f (- 


-iyw' n 


-l,r 



(53) 



2/3,2 
^3,2 
w 3,j 



.x+(-l)V, 

v + (-i)V, 

z + (-l)V, 
w + (-l) j w'. 



(54) 



For Alice's measurement result 4>q, the decoding oper- 
ator Uip nt o,rj is 



with n > 4, and rj denotes a binary sequence consisting 
of r and j. For instance, rj = 01000 if r = 0100 and 



Z n,rj W 



}* ■ 



(55) 



8 



It gives the other decoding operators as 
Thereby, we obtain the following theorem. 



(56) 



Theorem 8. The message |m) is combined with an n- 
qubit state \ip n ) such that 



-^(|^i)AB Cl c 2 ...c n _3 ® \v ( o n ~ 2) )c r 



+\^1 1 )abc 1 c 2 -c^ 3 ® bi"" 2) )c„- 2 ) (57) 



z/ and onfo/ i/ quantum teleportation is feasible. 

\ipn-i) ( w ith n > A) is an n — l-qubit state which is 
capable of the quantum teleportation assisted by n — 3 
parties with the norm = 1- IV'JO * s a two-qubit 

maximally entangled state \MEi). {\v$ l ))|i>i 2 ^)} is 
an orthonormal basis of the subsystem C n -2- 

Its proof is similar to that of Proposition 6. Note that 
\ipn) can be written as 



1 



(V2Y 



■ £ E 

n=o,i r 2 =o,i 



• \ME v ,) AB \vW 

T„_ 2 =0,1 



,(2)... w ("-2)\ 

(58) 



where i/ = £™ = ~ 2 2™-'- 2 r / . 

Finally, I give a remark on the parameter represen- 
tation. The quantum teleportation via n-qubit state is 
feasible if and only if the parameter condition 



= &i-gy n , rj + a,rgz n . rj + (2k + 1)tt, 



(59) 



^n^rj | 



\yn,rj | 



1/2 



holds for all r, j. 

From Eq. (52), \ifi n ) can be written as 



( 



\00rv. 



(n-2) N 



+ ^' rj J 01n4"- 2) ) 
(v^)"" 2 J 



- "' rj \10rv, 



(«-2)\ 



(V2)" 



n,rj I-,-, (n— 2)> 

-'llr«j , 



(60) 



Therefore, the condition (59) satisfies the normalization 
condition: 





1 

+ 


Dn.rj 


Vl (y/2) n ~ 2 




(V2)"- 2 



Zn,rj 


2 


W n _ r j 


") 


1 (V2)™- 2 


+ 







= 1. 

V. CONCLUSION 



(61) 



In this paper, I have shown the necessary and sufficient 
condition for the feasibility of quantum teleportation. We 
have to prepare a maximally entangled state if we per- 
form quantum teleportation via two-qubit state. In the 
case of teleportation via n(> 3)-qubit state distributed 
among n parties, we have to prepare a nested entangled 
state. Such a state is defined recursively. It has n — 2- 
fold nests. The states of the subsystem AB do not have 
to be orthogonal. It is only required that Alice's system 
is maximally entangled with Bob's system. For n = 3, 
I named the set of such states the teleportation capable 
class T. In a special subclass of T with \MEq) = \ME\), 
the subsystem AB is not entangled with C. 



The condition (57), or (59), is the necessary and suffi- 
cient condition for the feasibility of n-party teleportation. 
Although this condition is applied to the teleportation 
protocol, it might also be useful for creating and evalu- 
ating other n-party protocols. 
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